We review the deformed W -algebra W q,t ( sl N ) and its screening currents. We explicitly construct the Local Integrals of Motion I n (n = 1, 2, · · ·) for this deformed W -algebra. We explicitly construct the Nonlocal Integrals of Motion G n (n = 1, 2, · · ·) by means of the screening currents. Our Integrals of Motion commute with each other, and give the elliptic version of those for the Virasoro algebra and the W -algebra W ( sl 3 ) [1, 2] .
Introduction
V.Bazhanov, S.Lukyanov and Al.Zamolodchikov [1] constructed field theoretical analogue of the commuting transfer matrix T(z) as the trace of the free field realization of the monodromy matrix associated with the quantum affine symmetry U q ( sl 2 ). They call the coefficients of the asymptotic expansion of the operator logT(z) at z → ∞, the Local However they did not give explicit formulae of general densities T 2k , all densities T 2k (u) are uniequely determined by requirement of the commutativity, [I 2k−1 , I 2l−1 ] = 0, (k, l = 1, 2, · · ·). They call the coefficients of the Taylor expnsion of the operator T(z) at z = 0, the Nonlocal Integrals of Motion. They gave explicit formulae for the Nonlocal Integrals of Motion G k , (k = 1, 2, · · ·), by means of the screening currents F 1 (z), F 2 (z).
where P is zero-mode operator. Because of the commutativity of the transfer matrix T(z), the integtrals of motion commute with each other :
Hibberd and S.Khoroshkin [2] considered the W -algebra
V.Bazhanov, S.Lukyanov and Al. Zamolodchikov's theory [1] can be regarded as the quantum version of the KdV problem, as it reduces to the classical KdV problem in classical limit C CF T → −∞, under the substitution
The Poisson bracket structure {, } gives the second Hamiltonian structure of the KdV equation. The Local Integrals of Motion I 2k−1 tend to I (cl) 2k−1 . 5) where the first few densities are written by
The KdV hierarchy are given by
The purpose of this paper is to construct the elliptic version of the Integrals of Motion I k and G k given by V.Bazhanov, S.Lukyanov and Al.Zamolodchikov [1] and V.Bazhanov,
A.Hibberd and S.Khoroshkin [2] . Our method of construction is completely different from those of [1, 2] . Instead of considering the transfer matrix T(z), we directly give explicit formulae of both Local Integrals of Motion I n and the Nonlocal Integrals of Motion G m ,
The organization of this paper is as follows. In Section 2, we give basic definition, including bosons, screening currents. In Section 3, we review the deformed W -algebra W q,t ( sl N ). In Section 4, we construct explicit formulae for the Local Integrals of Motion I n , (n = 1, 2, · · ·) for the deformed W -algebra W q,t ( sl N ). In Section 5, we construct explicit formulae for the Nonlocal Integrals of Motion G m , (m = 1, 2, · · ·).
Basic Definition
In this section we give the basic definition. Let us fix three parameters 0 < x < 1, r ∈ C and s ∈ C. [rm]
Bosons
Here the symbol [a] stands for
x−x −1 . We also introduce the zero mode operator P λ , (λ ∈ P ). They are Z-linear in λ and
Let us intrduce the bosonic Fock space F l,k (l, k ∈ P ) generated by β j −m (m > 0) over the vacuum vector |l, k :
where
Let us set the Dynkin-diagram automorphism η by
Basic Operators
In this section we introduce the basic operators. Let us set z = x 2u .
Definition 2.1
We set the screening currents
Here we set
The screening currents F j (z), (1 ≦ j ≦ N − 1) are studied well in [7] . We introduce new current F N (z), which can be regarded as "affinization" of screenings
In what follows, the symbol [u] r stands for the theta function satisfying
Explicitly it is given by
The screening currents F j (z), (1 ≦ j ≦ N) satisfy the following commutation relations,
and
Proposition 2.2
The action of η on the screenings F j (z) is given by
The action of η on the screenings Λ j (z) is given by
In this section we review the deformed W -algebra W q,t ( sl N ) [3, 4, 5] .
Deformation of W -Algebra
In this section we give the deformation of the W -algebra.
where δ(z) = n∈Z z n .
Here we set the constnt c and the auxiliary function ∆(z) by
Here we set the structure functions,
Example For N = 2 the operators T 1 (z), T 2 (z) satisfy
The three parameter deformed W -algebra is an associative algebra generated by T For general N, upon specialization s = N, the operator T N (z) degenerate to scalar 1.
Let us set parameters q = x 2r and t = x 2r−2 .
Theorem 3.2 Upon specialization s = N, the operator T j (z) (1 ≦ j ≦ N) give a free field realization of the deformed W -algebra W q,t ( sl N ).
Example For N = 2 and s = 2, the operator T 2 (z) degenerates to scalar 1, and Fourier coefficients of T 1 (z) = n∈Z T n z −n satisfy the defining relation of the deformed Virasoro algebra V ir q,t = W q,t ( sl 2 ) [3] .
14)
where we set the structure constant f l by f 11 (z) = 1 + ∞ l=1 f l z l . Let us set q = e h and t = q β , (β = r−1 r ), and take the limit h → 0 under the following h-expansion,
we have the defining relation of the Virasoro algebra,
Comparsion with another definition
At first glance, our definition of the deformed W -algebra is different from those in [4, 5] .
In this section we show they are essentially the same thing. Let us set the element C m by
(z) and Z(z).
where we set
Let us set
The operators T
give a free field realization of the deformed W -algebra W q,t ( sl N ) [4, 5] .
Proposition 3.4
The operators T DW A j (z) and Z(z) commutes with each other.
Three paramedter deformed W -algebra defined in the previous subsection (3.2), can be regarded as an extension of W q,t ( sl N ), therefore, we sometime call three parameter deformed W -algebra, "the deformed W -algebra W q,t ( 
Local Integrals of Motion
In this section we give explicit formulae of the Local Integrals of Motion I n .
In what follows we use the notation of the ordered product.
Let us set the auxiliary function g i,j (z) by fusion of g 1,1 (z) = f 1,1 (z).
Here we have set the constant c and the function ∆(z) in (3.3). When the index set
For Re(s) > 0 and Re(r) < 0, we define a family of the operators I n , (n = 1, 2, · · ·) by
For generic Re(s) > 0 and r ∈ C, the definition of I n should be understood as analytic continuation. We call the operator I n the Local Integral Motion for the deformed Walgebra W q,t ( sl N ).
The following is one of Main Results. [I m ,
By using S n -invariance of O n (z 1 , z 2 , · · · , z n ) in "weakly sense", the above theorem is reduced to the following theta function identity, which is shown by induction [6] . We have checked for small n. We have already shown η-invariance conjecture, η(I n ) = I n , for the deformed Virasoro algebra case, V ir q,t = W q,t ( sl 2 ) [8] .
Nonlocal Integrals of Motion
In this section we give explicit formulae of the Nonlocal Integrals of Motion. Let us set the theta function ϑ(u (1) |u (2) | · · · |u (N ) ) by following conditions.
Example For N = 2 case, we have
For Re(r) = 0 and 0 < Re(s) < 2, we define a family of operators
Here the integral contour C is given by
For generic s ∈ C, the definition of G n should be understood as analytic continuation.
We call the operator G n the Nonlocal Integrals of Motion for the deformed W -algebra
Example For N = 2 and m = 1 case, we have
Here C is given by |x s z 2 | < |z 1 | < |x −2+s z 2 |.
The following is one of Main Results. [G m , G n ] = 0, (m, n = 1, 2, · · ·).
(5.10)
By using commutation relations of the screening currents F j (z), the above theorem is reduced to the following theta function identity, which is shown by induction [6] . 
